Locomotion at low Reynolds number is not possible with cycles of reciprocal motion, an example being the oscillation of a single pair of rigid paddles or legs. Here, I demonstrate the possibility of swimming with two or more pairs of legs. They are assumed to oscillate collectively in a metachronal wave pattern in a minimal model based on slender-body theory for Stokes flow. The model predicts locomotion in the direction of the traveling wave, as commonly observed along the body of free-swimming crustaceans. The displacement of the body and the swimming efficiency depend on the number of legs, the amplitude, and the phase of oscillations. This study shows that paddling legs with distinct orientations and phases offers a simple mechanism for driving flow.
I. INTRODUCTION
Aquatic organisms at the submillimeter scale have almost no inertia [1] , so viscosity will bring them to a halt as soon as they stop moving. A larger organism like a scallop can swim using jet propulsion by opening then closing its shell, but, without inertia, it would make no progress through such a cycle of reciprocal motion that is invariant under time reversal [2] . Finding ways to break the time-reversal symmetry is a key part of understanding the physical principles of inertialess swimming and designing artificial swimmers with simple actuation mechanisms [3] .
Earlier models of inertialess swimmers were inspired by microorganisms swimming with flexible flagella or cilia [4] . Previous designs include a sphere with surface distortions [5, 6] , a line of three spheres connected by extensible rods [7] , and a series of three rods linked by hinges [2, 8, 9] . In contrast, the current study considers a different geometry and mode of locomotion, motivated by larval crustaceans using relatively stiff legs as paddles [10, 11] .
Swimming with paddling legs is often attributed solely to the nonreciprocal motion of each leg, which can arise for instance by changing the profile area and thus the drag between alternating power and recovery strokes [12] . However, this change in shape is not necessary for swimming with two or more pairs of legs. A phase lag between adjacent legs is sufficient for driving them out of synchronous motion in phase. Even if each leg undergoes reciprocal motion, a suitable orientation of distinct legs could collectively produce nonreciprocal motion and thus net displacement per cycle. This concept forms the basis of the current study.
Here, I demonstrate the possibility of swimming with pairs of stiff legs by presenting a simple model swimmer having extremely slender legs. The model incorporates the key ingredients of paddling legs with distinct orientations and phases; it neglects hydrodynamic interactions, which are not needed for propulsion. Two types of kinematics are considered: sinusoidal oscillations with a phase lag between adjacent legs, and a sequence of power strokes followed by a simultaneous recovery stroke. The resultant displacement and efficiency of locomotion are solved in a minimal model based on slender-body * Corresponding author: dtakagi@hawaii.edu theory for Stokes flow, and analytical solutions are obtained in the asymptotic limits of small oscillation amplitudes and large numbers of legs.
The reductionist approach to modeling offers fundamental insight into the basic physics of paddling legs with distinct orientations and phases, which are shown to contribute importantly to swimming. A phase lag between successive legs produces the appearance of a metachronal wave, and the model predicts locomotion in the direction of the traveling wave. The direction is consistent with observations of crustaceans swimming by paddling their legs in an ordered sequence from the rear to the front end of the body and not the other way [13] [14] [15] . While the model may not yet capture all aspects of animal locomotion in quantitative detail, it could be readily extended in the future by incorporating additional effects such as the exact shape or flexibility of the body. Thus the model offers a foundation for further development of models tailored to specific organisms. Moreover the model demonstrates metachronal paddling as a simple design principle for driving flow, which could inspire the development of synthetic devices and swimmers that exploit this basic flow mechanism.
Metachronal waves occur in a variety of biological systems ranging from the actuation of insect legs [16] to the coordination of cilia [17] . Previous studies have explored the possible emergence of the coordination through hydrodynamic interactions [18, 19] . Recent models of paddling have incorporated metachronal waves but they are complicated by the effects of inertia [20] , elasticity of flexible paddles [21] , and changes in the drag coefficient of each paddle between power and recovery strokes [22] . The purpose of the current study is to elucidate the basic physical principles of paddling without relying on inertia, flexibility, or temporal variations in the drag of each paddle.
II. MODEL
The model consists of a swimmer represented by a rigid sphere from which n pairs of straight legs extend radially outward. For simplicity the legs are restricted to lie in a plane with reflection symmetry in the swimming direction along the x axis. The angle between the x axis and the ith pair of legs is denoted by θ i (Fig. 1) . All dimensions in the model are scaled by the length L of each leg. The position of the swimmer, in terms of L, is denoted by x 0 . Of interest is how x 0 (t) evolves in response to some prescribed variations in θ i (t), where time t is scaled by a characteristic time associated with the time-averaged angular speed ω of θ i .
The relevant dimensional parameters are the length scale L, the velocity scale Lω, and the density ρ and dynamic viscosity η of the outer fluid. A suitable Reynolds number measuring the ratio of inertia to viscosity of the flow is defined as Re = ρL 2 ω/η. When this number is small (Re 1), inertia can be neglected as done in the model.
The model is formulated for slender cylindrical legs with small diameter-to-length ratio 1. The axis along the ith leg of unit length is described by the parametric equation
where s is the arc length coordinate, e x = (1,0) is the unit tangent to the x axis, n i = (cos θ i , sin θ i ) is the unit tangent to the ith leg in the upper-half plane, and r is the radius of the sphere scaled by L. The time derivative of Eq. (1) gives the velocityẋ i of the ith leg, which is related to the local force density f i (s,t) according to the leading-order slender-body approximation for Stokes flow [23] ,
The force density f i must satisfy the condition that no net force is exerted on a neutrally buoyant swimmer at all times. This condition is given by the integral constraint
where F = 6πηrẋ 0 is the drag on the sphere. Other shapes can be considered by modifying the drag F accordingly. The governing equation of motion is derived by eliminating f i from Eqs. (2) and (3). The resultant equation becomeṡ
which is independent of the viscosity η. The numerical value of r modifies the magnitude of the velocity but should not change the qualitative picture of the main findings developed below. Hereafter the sphere radius is set to r = 0 for simplicity, which corresponds to a body of negligible size. Setting r = 0 in Eq. (4) reduces the swimming velocity tȯ
which is independent of the small parameter . The model governed by Eq. (5) is applied to the study of two different forms of temporal variations in θ i , as prescribed in the following section.
III. RESULTS

A. Sinusoidal paddling
Suppose each leg oscillates sinusoidally with amplitude a according to the prescribed form
where φ i = (2i − 1)π/2n is the time-averaged angle of the ith leg, arranged in ascending order with equal spacing between φ i of adjacent legs. Without loss of generality, the phase of the first leg is set to k 1 = 0 so that k i represents the phase lag of the first leg relative to the ith leg. In the small-amplitude limit a 1, the net displacement per cycle x 0 = 2π 0ẋ 0 dt can be approximated by an asymptotic series with increasing powers of a. The series must contain only terms with even powers because x 0 is invariant under a sign change in a, equivalent to a phase shift of π . In the small-amplitude limit, the leading-order term is evaluated to be
where c = 2π [
If the legs are all in phase or completely out of phase, then sin(k j − k i ) = 0 and x 0 = 0 as expected due to the reciprocal motion overall. In general, however, a phase lag produces net displacement. If the phase is k i = iπ/n so that a metachronal wave travels from the final to the first leg, then all factors appearing in the sum of Eq. (7) become positive so x 0 > 0. The model predicts locomotion in the direction of the wave. In contrast to a scallop undergoing reciprocal motion, a shrimp can swim at low Reynolds number, as can any body with at least n = 2 pairs of rigid legs.
The direction of locomotion is illustrated further in Fig. 2 , where n = 2 pairs of legs oscillate at amplitude a = π/4 with the first leg lagging behind the second by k 2 = π/2. The swimmer begins the cycle by moving backward while the legs perform recovery strokes. Note that, when one leg attains maximum recovery-stroke speed, the other leg orients perpendicular to the x axis so as to reduce mobility in the x direction. Subsequently the legs perform power strokes and propel the swimmer forward. This time, while one leg attains maximum power-stroke speed, the other leg orients parallel to the x axis so as to enhance the mobility. The enhanced mobility during the power strokes of the cycle contributes to the net positive displacement.
The net displacement per cycle increases with amplitude a up to a value close to π/4 ( Fig. 3) . At small amplitudes there is good agreement with x 0 = 3 −2 √ 2πa 2 as predicted by Eq. (7) for n = 2 pairs of legs. The swimmer may repeat many cycles of small-amplitude oscillations in order to travel longer distances, though one might expect better efficiency with fewer cycles of larger amplitude oscillations. The classical thermodynamic efficiency measures the amount of useful work done, but this is zero because the swimmer exerts no net force on the outer fluid. A more meaningful measure of efficiency that is widely adopted in the literature is the ratio between the power needed to steadily drag the body and the power required by the swimmer to move at the same time-averaged speed [24] . Although this ratio may exceed 1 as discussed for a treadmilling swimmer [25] , it enables direct comparison with the efficiency of other forms of inertialess locomotion.
The efficiency of paddling is defined as the dimensionless number
FIG. 3. Net displacement and efficiency of sinusoidal paddling with n = 2 pairs of legs at different amplitudes. Dashed lines are corresponding asymptotic solutions given by Eqs. (7) and (9) in the small-amplitude limit.
where · denotes the average over time and F 0 is the force needed to tow the body at steady speed ẋ 0 . The towed body is assumed to have uniformly distributed legs at angles φ i , motivated by the time-averaged configuration. In the limit of small amplitude a 1, the leading-order expression becomes
which reduces to E ∼ a 2 /27 for n = 2 pairs of legs. The efficiency initially increases with a as predicted (Fig. 3) . A maximum efficiency ≈0.937% is attained at an amplitude close to π/4. As the amplitude increases further, the legs approach and interact with each other. The effects of hydrodynamic interactions are discussed next, where I consider an alternative and more natural form of paddling at larger amplitudes.
B. Sequential paddling
Some crustaceans can paddle their legs at larger amplitudes by taking a sequence of power strokes followed by a single recovery stroke in unison [14, 15] , a cycle referred to herein as sequential paddling. Drawing inspiration from this sequence of strokes, the model considers a cycle starting with all legs forming the same angle π/2 − α to the x axis. Here α (instead of a) denotes the amplitude of sequential paddling. One by one in sequence, the adjacent legs perform power strokes with a steady rise in the angle to π/2 + α. Once all the legs form this angle, they simultaneously return to the original configuration. It may be unphysical for adjacent legs to come into contact, but this offers some insight into the displacement of swimmers that bring their legs close together as shown below.
The adjacent legs interact with each other when they are sufficiently close together, when the internal angle δ is comparable to or less than the small width-to-length ratio . During this period, lubrication effects between the adjacent legs become significant, and the force needed to bring the legs together or apart diverges in the limit as δ tends to 0 [8] . However, the legs in the model have negligible width so the periods under discussion are very short compared to the duration of the entire cycle. The short periods should have a negligible effect on the overall displacement of the swimmer. Nevertheless, the flow between adjacent legs experiences additional viscous dissipation and modifies the efficiency. Thus the efficiency computed below is only indicative of the typical displacement of swimmers that bring adjacent legs close together during sequential paddling.
To gain some insight into the displacement, any bundle of closely aligned legs is approximated by a single leg in the model. Although the bundle of legs lying side by side would have a different cross section than the single leg, this difference is neglected because it has little effect on the outer flow for sufficiently slender legs [8, 23] . This approximation allows the simplified model to admit analytical solutions, which offer intuitive insight into the displacement and efficiency of sequential paddling.
An example of sequential paddling with n = 2 pairs of legs is illustrated in Fig. 4 with amplitude set to α = π/2. During the first power stroke, the swimmer moves forward a distance
(1 + √ 3) 2 ] ≈ 0.760. By symmetry, the swimmer moves the same distance x 2 during the second power stroke. During the recovery stroke, the two legs are treated essentially as one leg, and the swimmer moves backward a distance
25. This distance x 1 is greater than x 2 because there is no leg parallel to the x axis as in the duration of the power strokes. After one complete cycle the net displacement of the swimmer is x 0 = 2x 2 − x 1 ≈ 0.274.
The net displacement and efficiency of sequential paddling with n = 2 pairs of legs are plotted at different amplitudes up to α = π/2 in Fig. 5 . The displacement increases monotonically with amplitude, while the efficiency peaks with value ≈ 0.681% at an amplitude close to 5π/12. The efficiency decreases beyond this amplitude because the additional work needed to align the legs more parallel to the swimming direction produces only a small gain in displacement.
With n = 2 pairs of legs, sequential paddling generally leads to larger displacements but smaller efficiencies than in sinusoidal paddling. The efficiency is lower in sequential paddling due to the substantial oscillatory motion going forward and backward. Paddling n = 2 pairs of legs is comparable in efficiency to the previously studied locomotion of three rods linked by hinges [8] . An undulating filament and a rotating helix have higher efficiencies but they are still less than 9% [8] . Sequential paddling can exceed these typically low efficiencies by increasing the relative forward movement during each cycle with additional pairs of legs.
C. Number of legs
The number of legs can vary across species and at different stages of development within the same species. For example, a brine shrimp begins its life cycle with one dominant pair of legs and grows more legs during development into adulthood [26] . Some organisms swim with tens and hundreds of legs along their elongated body, such as polychaete worms [27] and remipede crustaceans [15] . Inspired by the diversity of the number of legs in nature, the effects of adding more legs on the net displacement and efficiency of swimming are examined below.
Increasing the number of legs in sequential paddling introduces additional power strokes, while the simultaneous recovery stroke is unaffected in the model as discussed earlier.
If the amplitude is set to α = π/2 then the first and final power strokes remain the same as with n = 2 pairs of legs considered before (Fig. 4) , but the power stroke for each additional pair of legs propels the swimmer a distance x 3 = 1 2 ln 3 ≈ 0.549. This distance is less than x 2 due to the additional drag experienced by stationary legs extending in both directions along the x axis.
For general n 2 pairs of legs paddling at amplitude α = π/2, the net displacement of sequential paddling is given by x 0 = (n − 2)x 3 + 2x 2 − x 1 , which increases linearly with n. The efficiency also increases linearly with n as shown in Fig. 6 . With more than n = 15 pairs of legs, the efficiency exceeds 1. In other words, it requires less power to swim with so many legs than the power needed to drag the legs at the same time-averaged speed, assuming that the legs spread out evenly in the latter case as assumed before. The efficiency is much higher than for other modes of inertialess locomotion considered previously [6, 8] , except for treadmilling swimmers, which also exceed 1 in efficiency [25] . However, the efficiencies are only indicative of the associated energetic cost because the current model neglects hydrodynamic interactions, and the efficiency depends on the choice of configuration of the towed body. For instance, if the body consisted of legs that are all oriented parallel to the towed direction, then the efficiency would still increase but only marginally with larger n.
Sinusoidal paddling with additional legs is now considered for comparison. Figure 7 shows how the displacement per cycle changes with the phase difference between adjacent legs, assuming the oscillation amplitude is fixed. The displacement peaks at an optimal phase difference that decreases like π/n with increasing number n of pairs of legs. Based on this observation, the phase difference between adjacent legs is set to π/n and the amplitude is set to a = π/2n to prevent the legs from intersecting each other for large n. The resultant displacement and efficiency of locomotion are plotted for different n in Fig. 6 . In the large n limit, the sums in Eqs. (7) and (9) can be approximated by integrals, which are evaluated to obtain the expressions
These asymptotic solutions for large n agree with numerical solutions even for small n (Fig. 6 ). The solutions show that both the displacement and efficiency decrease with n like n −2 since the amplitude decreases with n. 
D. Elongated body
A limitation of having all legs pivot about a single common point is that the amplitude must be reduced in sinusoidal paddling to accommodate the increasing number of legs. Meanwhile in sequential paddling, increasing the number of legs introduces no additional drag during the power strokes of existing legs. For comparison of the two modes of paddling on a more equal footing, suppose an elongated body swims with a series of paddling legs as sketched in Fig. 8 . The legs pivot about a line of points that are sufficiently far apart so that they never intersect. The drag on the elongated body that holds the legs together is neglected for simplicity. The displacement of the swimmer is governed by the same Eq. (5) as before, with the advantage that any number of legs can paddle at the same amplitude, which allows a fairer comparison of the two modes of paddling as analyzed below.
For sinusoidal paddling, suppose the first and last legs oscillate about angles π/4 and 3π/4 respectively, and the time-averaged angles φ i of any extra legs are distributed evenly between the two, with a constant phase difference π/n between adjacent legs. The benefit of having distinct angles φ i is that, otherwise, the body makes no progress, regardless of the phase differences. This result follows from Eq. (7), which predicts x 0 = 0 if φ i are equal for all i. The reason is that the distance between nonintersecting legs or the order of the series of legs has no effect in the model because the slender legs do not interact with each other. This shows that the orientation of the legs in addition to the phase is crucial for propulsion with noninteracting legs.
For sequential paddling, each leg in turn performs a power stroke from angle π/4 to 3π/4, followed by a simultaneous return stroke. The amplitude is thus fixed to π/4 as in sinusoidal paddling. Note that the simultaneous return stroke is independent of the number of legs as before, but any additional leg introduces more drag during the power strokes of the other legs. Figure 9 shows that sinusoidal and sequential paddling generate comparable displacements per cycle. However the former has higher efficiency, which is computed with regard to a towed body that has all legs oriented perpendicular to the towed direction. The results show that the displacement and efficiency of locomotion change little upon addition of many legs along an elongated body. For many legs that are densely packed together, a more suitable approach is to represent the tips of the legs as a continuous deformable surface in an envelope model [17] . The region beneath the surface could be treated as an impermeable material or a porous material with spatial variations in porosity [28] . All these different approaches produce the common result that the outer flow speed scales like the square of the oscillation amplitude of each leg as found here. Locomotion arises in the direction of the traveling metachronal wave along a surface with tangential distortions in the envelope model, but the direction of locomotion is opposite to that of the traveling wave along a surface with normal distortions [6] . Further studies are needed to understand the effects of hydrodynamic interactions, the number of legs, and the shape and dimensions of each leg. The interactions may have a small effect on the displacement of swimmers particularly with only a few slender legs, but they could have a large effect on the efficiency and thus the optimal strategy for paddling a set of legs with minimal dissipation.
IV. DISCUSSION
In conclusion, swimming is possible with two or more pairs of stiff legs by paddling them out of phase, which introduces an additional degree of freedom needed to break time-reversal symmetry. The locomotion is similar in principle to the collective behavior of a suspension of reciprocal swimmers, which can swim together but not on their own [29, 30] . The current study shows that a phase lag in the reciprocal motion of adjacent legs produces nonreciprocal motion overall, provided that the legs have different time-averaged orientations. Alternatively, the legs can take a sequence of power strokes followed by a simultaneous recovery stroke. A common feature in both cases is that a metachronal wave travels in the direction of locomotion.
The model presented here inspires the development of artificial systems for driving flow at low Reynolds number. The mechanism of locomotion does not rely on inertia or deformation of the paddles, so an array of rigid paddles could drive flow by simply oscillating them out of phase. However, the application of paddling legs for aquatic robots is relatively unexplored compared to terrestrial robots, which have been designed and modeled using various types of leg movements inspired by walking insects [31, 32] . Future research may enable amphibious robots, supplied with multiple legs, to efficiently carry out complex missions in a large variety of environments.
Metachronal waves are commonly observed to travel in the direction of locomotion of the body of a large variety of small planktonic crustaceans, which include amphipods, barnacle larvae, copepods, krill, and larval decapods [11] .
Modeling their movements in quantitative detail is beyond the scope of the current study, but the simple model here lays a firm foundation for developing reliable models of swimming crustaceans in the future. The current model could be extended to incorporate additional effects such as the shape, flexibility, and inertia of paddling legs. In studying these effects, the simplified model serves as an important basis for comparison.
The model here is derived in the inertialess limit, but some implications of the model may still apply to paddling with inertia. The forces acting on a larger swimmer are less dominated by viscous stresses and more by pressure variations in the outer flow. The drag on such a swimmer scales with the cross-sectional area of the profile, which is smaller during the power strokes than the recovery strokes in sinusoidal paddling (Fig. 2) . In sequential paddling, the greater number of power strokes than recovery strokes generates a net thrust. Either way, metachronal paddling is expected to propel the swimmer at higher Reynolds numbers beyond the Stokes regime.
